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FOREWORD 


This  publication  was  prepared  under  contract 
by  the  UNITED  STATES  JOINT  PUBLICATIONS  RE¬ 
SEARCH  SERWCE,  a  federal  '  government  organi¬ 
zation  established  to  service  the  translation 
and  research  needs  of  the  various  government 
departments , 
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PROPAGATION  OF  ELASTIC  WAVES  IN  TWO-COMPONENT  MEDIA 
'  USSR  : 


[Following  is  a  translation  of  an  article  by  L.  Ya, 
Kosachevskiy  in  Prikladnaya  matematika  i  mekhanika  Ap¬ 
plied  Mathematics  arid'  Mechanics ) ,  Vol»  XXi.II,  No.  6, 

1959,  pages  1115-1123.]  ,  : 

To  date  a  number  of  works  have  been  devoted  to  the  dynamics 
of  two-component  media j  for  example,  Ya.  I.  Frenkel*  [1],  Kh.  A. 
Rakhmatulin  [2],  Biot  £3,1*1,.  and  Zwicker  and  Costairi  [53*  However,  ; 
the  basic  problem  regarding  the  construction  of  equations  of  motion 
of  two-component  media  has  still  not  ultimately  been  solved  but 
requires  additional  study  and  experimental  checking.  Below  we  shall 
examine  the  simplest  case  of  movement  ■—  propagation  of  elastic  waves 
in  a  homogeneous  isotropic  medium,  consisting  of  solid  and  liquid 
components.  The  problems  of  the  reflection  of  plastic  waves  and  of 
surface  waves  on  the  free  boundary  of  a  semi— space  were  solved.  It 
was  shown  that  the  relationship  between  stresses  and  deformations 
established  by  Ya.  I.  Frenkel*  is  equivalent  to  a  similar  relation¬ 
ship  established  by  M.  A.  Biot,  while  the  equations  of  motion  of  the 
latter  .are  the  more  common. 

1.  Basic  equations.  We  can  consider  the  interpenetrating 
motion  of  solid  and  liquid  components  to  be  the  motion  of  a  liquid 
in  a  deformable  porous  medium.  We  shall  assume  that  the  pore  dimen¬ 
sions  are  small  compared  to  the  distance  in  which  the  kinematic  and 
dynamic  characteristics  of  motion  undergo  substantial  change .  This 
permits  us  to  regard  both  media  as  being  continuous  throughout,  and 
.  at  each  point  in  space  we  shall  thus  have  two  vectors  of  displace¬ 
ments  the  displacement  vector  u  of  the  solid  phase  (of  the  skeleton 
of  the  porous  medium)  and  the. displacement  vector  v  of  the  liquid. 

As  shown  by  Ya.  I.  Frenkel*  (l),  the  total  tensor  of  stresses  in  the 
skeleton  (with  pressure  of  the  liquid  present  in  the  pores)  can  be 
written  in  the  form 


—  1  — 


(1.1) 


pik  ■  10  a  ik  /  2Guik  /  R0  (1  -  B  -  ~)<f  $  ik 

KsL/2/3G,  ^  8  i/2(l!i  /  li) 

dxk  eXi 

3  s  ‘^11  K  .^22  ^  u33  *  <*iv  u>  :  ‘^P  S~V  "p~^  " 

•where  L,  G  and  K  are  respectively  the  Lame  coefficients  and  the  modulus 
of  omnilateral  compression  of  the  porous  skeleton  with  empty  pores, 

K0  is  the  true  modulus  of  compressibility  of  the  solid  phase,  R0  the 
modulus  of  compressibility  of  the  liquid,  m  the  porosity,  uik  the 
tensor  of  skeleton  deformation,  0  the  relative  change  in  skeleton 
volume,  (p  the  relative  change,  in  true  density  of  the  liquid,  end  ,o  ik 
Kronecker’s  symbol,  equal  t0; unity  when  i  =  k,  and  to  zero  when  i  ^  k. 

The  change  in  porosity,  according  to  (l),  can  be  expressed  by 
the  formula 

A  m  =  a  (  0  -  )  (1.2) 

K0 

The  constant  coefficient  a  is  some  additional  parameter,  char¬ 
acterizing  the  elastic  properties  of  the  porous  medium  (with  porosity 
constant,  a  =  0). 

A  small  change  in  pressure  in  the  liquid  is  associated  with  a 
small  change  in  density  by  the  equality 

Ap  =  -R0^p  (1.3) 

The  discontinuity  equation,  expressing  the  law  of  the  preserva¬ 
tion  of  matter,  has  the  form 


Linearizing  it  and  proceeding  to  finite  differences,  we  obtain 

m.&p  /  p  Am  /  mp  £  =  0  £  s  div.  v  (1*5) 

where  £  is  the  relative  change  in  the  volume  of  the  liquid.  Taking 
into  account  (1.2),  we  find 


P* 


i  / 


(1.6) 


Substituting'  (1.6)  in  (l.l)  and  (1.3),  we  reduce  them  to  the 

form 


pik  =  S  ik  ^  2/*nik  /  S  ik> 

<5"  s-nAp  -  Q'O  /  R£ 


(1*7) 


the  force  acting  on  the  liquid  in  terms  of  a  unit  cross 
the  porous  medium,  and  introduce  the  symbols 

(1-m-f-o  r6,  ^ 

—  m  rj~)  R0,  Q*  s  A  eRo»  ^  (!•  8) 

Ko  1  , 

the  elementary  operation  of  forces  acting  on  the  solid  and 
liquid  component,  we  have 

d'A  -  PikdUik  /  *  d  2  «  X$d©  /  2/Auikduik  /  Q£d$  /  Q’O  d£  /  R£d£ 

'  ■  ;•  i  ' 

For  the  existence  of  potential  energy,  this  expression  should 
be  a  complete  differential ;  consequently,  ,the  equality  Q  -  Q».  ensues 
and,  hence,  taking  into  account  (1.8)  we  obtain 

asl-i-JL  (1.9) 

'  ,  :  •  "  :  ,  •  •  K0 


where  <T  is 
section  of 


X  = 


Q  (i 


For 


-  3 


s  f 


Equations  ’(l.7)  coincide  withthe  relationships- between  .Stresses 
and  deformations  established  by  Biot  (3).  If  shear  of  the  skeleton 
is  disregarded,  only  the  diagonal  members  will  remain  in  the  tensor  of 
stresses  P^,  i.e.,  P^  *  “‘  ^l'^ikj  w^ei*e  Pi  is1  "the  force  of  the  pres¬ 
sure  on  the  skeleton  in  terms  of  a  unit  cross  section  of  the  porous 
mediufit*  Hencej  equation  (1»7)' takes  the  form:  *  v  •  '  V  *•••-. 


“  Px  =  (X  /  2/3  /A)0  /  Q  £  ,  -  m  Ap  =  Q  0  /  R  8  (1.10) 

Let  R04  K<&  K0  (this  can  occur  in  the  case  when  the  pores  are 
filled  with  gas).  According  to  (1.8)  and  (1.2),  we  obtain  for  this 

case'"  '•  ’  'v'  '  '  •  ‘  *•'  •  ’  '  ••••'•'• 


A/ 


R  =  mR0, 


Q  =  (1 


m)R0, "  -Am  =  (l  m)  Q  •• :  (l.  11) 


Let  us  introduce  the  quantity 


P2  =  mp  -  m0p0 


(1.12) 


Here  mQ  and  pQ  are  equilibrium  values  of  porosity  and  the  pres¬ 
sure  of  the  liquid  (of  the  gas).  Making  use  of  the  equality 


s  m  j&jo  j  p  S  m 

...... at'*  3T.„,  ; 

and  considering  (1.10)  and  (l.ll),  we  obtain 


(1.13) 


-  dPl  =  K  09  _  1  -  m  0P2 

j‘9t'  -•  m; 


at 


,  -  $11  Z  mR  /  (l-m)(R0-po)Ai- 

t:  n  at,  5  -  >  :v  $t 

which  coincides  with  the  equations  of  -Zwicker  and  Costain  .(?),. 

Let  us  now  obtaiq  the  equations  Qf  motion,  disregarding  at 
first  the  viscosity  of  the  liquid.  ; ;  1  1  *  •  •  *•;  - ' 


.  ..  The  force  acting  on  the-  skeleton  (in  a  unit  volume  of  the 
porous  medium)  is  equal  to  th e  - de rivat i ve "  in  time  of  the  total  impulse 
of  the  skeleton  (in  this  volume).  The  latter  is  made  up  of  the  im¬ 
pulse  of  the  skeleton  with  absolutely  empty  pores,  and  an  additional 
impulse  arising  from  the  relative  motion  of  the  components  of  the 
medium,  i.e.. 


If 


Thus,  we  have 


n  ^  2Ui  ^  2-y.t  ^  Pat. 

P11  — /  Pi  2 - 1  =  -tr - 

HI?  r  ld  St2  d  xk 


Similarly,  we  find  the  total  impulse  of  the  liquid 


Cl.llt) 


(1.1?) 


3*  ■  '*  It  '  »»  (|?  - 1?  ■  ^  U  * 


(1.16) 


and  obtain  the  second  equation  of  motion: 

d  t2  c)  t*  d  xi 


(1.17) 


In  accordance  with  (U)  >  we  shall  call  the  coefficient  p-^2  the 
coefficient  of  dynamic  coupling  between  the  skeleton  and  the  liquid; 

Pi  and  p2  are  the  masses  of  solid  and  liquid  components  in  a  unit 
volume  of  medium,  and  p^  and  p12'  can  be  regarded  as  certain  "effec¬ 
tive  masses"  of  these  components S 


hi  ~  Pi  “  P12 )  p22  —  P2  “  P12 


(1.18) 


Since  during  the  motion  of  a  solid  body  in  a  liquid  its  "effec¬ 
tive  mass"  is  greater  than  its  true  mass  (Pn>  Pi),  the  coefficient 

Pl2  must  be  negative. 

To  take  into  account  viscosity  in  equations  (l.l?)  and  (1.17) 
it  is  necessary  to  add  a  member  proportional  to  the  difference  in  the 
velocities  of  the  two  components: 


/  ^2vi  ,  .  /3vi  dvi  .  ^  Pijc 

/  P12  -4  /  -4-)  - 


c)t  M  dxk 


(1.19) 


ui  / 

Pl2  ~T~o  r  P22 


sin/bd^-^i  >  :.„h. 

st2  a*  a* 


-  ?  - 


...  .  ■  T '  ' 

•  The  constant  b  can  be  determined  from  conditions  satisfying 
Darcy's  (Darsi)  law  for  the  particular  case  of  the  steady-state  flow 
of  a  liquid.  Thus,  we  find 


(1.20) 


where  M  is  the  coefficient  of  viscosity, 'and  k  the  coefficient  of 
permeability,  proportional  to  the  porosity  and'  the  square  of  the  pore 
diameter: 

k  s  const  m£2  (1.21) 


If  we  disregard  the  coefficient  of  dynamic  coupling  p^  in 
(1.19),  we  shall  obtain  the  equation  of  motion  derived  by  Ya.  I. 
Frenkel'  (l).  In  the  case  of  harmonic  waves  with  a  frequency  co  (in 
which  the  dependence  of  displacement  vectors  on  time  can  be  expressed 
by  the  factor  e^t0^)  equation  (1.19)  can  be  written  also  in  the  form 


pilfii  .  j.  sdli 

£>t2  dxk 


-¥i>* 


C)  t2 

(3^i 
^  t 


-  m  ^-P  /  S 

a  xi 
F* } 


(1.22) 


where 


(P*  - 


s  r  b  -  iwp12  ' ; 

If  we  disregard  shear  of  the  skeleton,  i.e., 

Pik  =  “  pl$  ik  -  “  0.  -  m)  ps$ 
true  pressure  in  the  skeleton),  from  (1.22)  we  obtain 


(1.23) 


—  .,.Ui  S  -  1.  d  ps  ^  K  (^vi  _  ^_ui)  -  /  K21 

dt2  ps  S^i  f  12  %  t  ^t  )f  Ft2  P  Sxi  21 


( d  ui  .  c)  vi  \ 


(1.2U) 


-  6  - 


Here  pg  and  p  are  the  true  densities  of  the  solid  and  liquid 
components: 


P  = 


CU2S) 


Equations  (l.2li)  coincide  with  the  equations  of  motion  derived 
by  Kh.  A.  Rakhmatulin  [2]  for  multi-component  liquid  and  gaseous 
media.  '  ' 


Let  us  resolve  the  displacement  vectors  into  laminar  and 
solenoidal  components 


u  a  ui  /  ut,  rot  ui  s  0, 

v  z  v1  /  vt,  rot  vi  s  0, 

Equations  (1.19),  taking  into  account 
are  reduced  to  the  following  system: 


div  ut  a  0 
div  vt  =  0 


(1.26) 


(1.7),  (1.9)  and  (1.26), 


3  2^1  3  2Vl  _ 

Tt2  * Pl2  *^t2  ^ b  "It (ui  “ Vl)  8  (x^  2m)V2ui  / 

^3  *  p22^J  *  <V1  -  ul>  =  (1.27) 

S^ut  d  2vt  0 

.  Plri?  *  * b st (H ' Vt)  =/*  v  “* 

S  ?ut  !  d  2vt  s 

P12  T-n  /  P22  /  b  4  (n*  ut)  “  0 

St2  c>t2  /2>t 

^  In  the  Oase  of  monochromatic  waves  with  a  frequency  a),  the 
first  two  equations  (1.27),  by  means  of  linear  transformation 

ux  r  ux  /  u2  ,  vx  a  '%ui  /  M2u2  (1.28) 


-  7  - 


and  after  insertion  of  symbols, 


P 


R 

TT  ' 


*  P11  ^  p22  t  2P12 

'*•  (1.29) 

H-X/2^/R/2Q 


reduce  to  the  form 


^  2u^  /  *  0,  V2u2  /  k22u2  =  0 

•where 


(1.30) 


kl2  =  Z1  (-T>2,  k22  *  z2  (~-5  (1*31) 

V  J  '  _ 

f  -4  *  « 

(O’  n<3-22  -  <I122)z2  (^11^22  22^11  -  2Cl2frl2)z  / 

/  #11^22  122  (z  -  1)  •  0  (1.32) 


while  the  transformation  coefficients  (1.28)  are  determined  by  the 
formulas 

-^12  /  zi«12  /  i*  ,  -^12  /  z2<rl2  /  K  v  h  , 

M,  = - i.  ■  «2  =T7— — r— T—  .  2  *  -i-  (1.33) 


^  =  -  ■  . . . . .  ,  mp  55  . . . . -  . . 

.■  '  ^22  “  zlc22  /  ^22“  Z2G22  /  i  $ 


ptO 


Equations  (1.30)  describe  the  propagation  of  longitudinal  waves 
of  types  I  and  XI.  .  v 


-  8  - 


If  the  coupling  between  the  solid  and  liquid  components  of  the 
medium  is  weak 

^  12  =  °»  ^12  ■  °>  0, 


then  from  (1.32)  we  find 


%11 

G 11 


ft  22 
«  22 


(1.3U) 


hencey "it  'is  obvious  that  the  Velocities  of  I  and  II  longitudinal 
waves  are  equal  to  'the  velocities  of  waves  propagating  separately  in 
continuous  elastic  and  continuous  liquid  media.  According  to  (1.33) 
we  have  in  this  case 


Ml  =  0, 


M2  a  OO 


(1.35) 


Let  us  find  the  approximated  values  for  the  roots  Of  equations 
(1.32) -under  the  condition  #  ^>1,  which  corresponds  to  the  case  of 
low  frequency  or  high  viscosity: 

•  -  V  *  ■  * 

=  1  -  —  (®n<S‘22  -ffl22  "(Tll$  22  “<S'22'Kll  /  2<*  12&12  / 

ft 

'  Vj(ll)5  22  ~ftl22) 


2o  =  i 


&  11  O’  22  -tfl22 


(1.36) 


As  easily  seen,  moreover,  the  damping  coefficients  of  the  waves 
(being  the  imaginary  values  and  k2)  will  be  proportional:  for  I 
longitudinal  —  to  the  square  of  the  frequency,  and  for  II  longitudinal 
—  to  the  square  root  of  the  frequency.  Therefore,  at  very  low  fre¬ 
quency,  longitudinal  wave  I  experiences  insignificant  attenuation,-; 
while  longitudinal  wave  II,  because  of  great  attenuation,  practically 
disappears.  .  , 

The  second  two  equations  (1.27),  describing  the  propagation 
of  the  transverse  wave,  is  reduced  to  the  form 


▼t  =  Mtut» 


V  2ut  /  kt2ut  =  0 


-  9  - 


(1.37) 


■where 


14  ~ 


-Jl2  /  *3  .  , 


322/i3 


k*-2*  PI  j  P2Mt  /a  2 


(1.38) 


At  low  frequency,  here  as  for  longitudinal  wave  I,,  the  damping 
coefficient  is  proportional  to  the  square  of  the  frequency. 


The  existence  of  three  types  of  waves J'in  porous  media,  as  well 
as  the  nature  of  their  attenuation,  was  established  in  works  (1,U]«- 
If  3^-1,..  the  effect  of  viscosity  can  be  disregarded.  However,  at  the 
same  time  it  should  be  borne  in  mind  that  60  must  remain  smaller  than 
the  frequency  at  which  the  wave  becomes  comparable  to  the  dimensions 
of  the  pores.  ' 


.  ..j  2.  Reflection  of  plane  waves  on  the  free  boundary  of  a  semi¬ 

space.  Boundary  conditions  on  the  free  surface  of  the  medium  will  be 

•  .V  ...  Pyy  e  P^y  =  0,  CT  ®  0  (2.l) 

or  on  the  basis  of  (1.7) 

-  AQ  />v/9£.-°  . .  ,, 

uxy  =  0  (2.2) 

qQ  /  ns  =  0 

Introducing  the  potentials  of  the  longitudinal  and  transverse 
waves,  and  recalling  (1.26),  (1.28)  and  (1.37),  we  shall  write  ex¬ 
pressions  for  the  total  vectors  of  displacement  of  the  skeleton  and 
the  liquid  ,  , 

u  V  grad  Cp  i  /  grad  (^2  /  rot  y  ,  v  3  M-^grad  y^  ./  M2grady2  /  M^rot  y 

" ’ ...  ^  ■  ~  •  •  ■  (2.3) 

after  which  the  boundary  conditions  reduce  to  the  form  ■ 

(x/  QM!)72yi  /  (x/  QM2)^2lf2  ^2J/(  V?  *  }  =  0 


2  (1121  f  *121 )  /  -HZ-0  -  <2.10 

a  x>jy  r  0  x£>y  :3^ 

(Q  /  /  (Q  /  RM2)  V  2  V>2  =  0 

Let  us  examine  the  case  of  the  incidence  of  longitudinal  wave 
I  oh  the  boundary. ■  Three  boundary,  conditions  can  be  satisfied,  simply 
assuming  that  the  incident  wave  sets  up  at  the  boundary  a  system  of 
three  reflected  waves:  two  longitudinal  and  one  transverse.  Thusj 
the  total  sound  field  in  the  medium  will  be  (see  figure) 

(^1  =  Aeikl  (x  sin  0i  /  y  cos  0i)  /  AW  ieikl(x  sin  Q1  -  y  cos  0X) 

:  (f?  2  s  AW  2eik2  <x  sin  $2  ”  *  cos  ^2)  (2*5) 

-  AW  teikt  (*  sin  0 1  -  y  cos  0  t) 

where  W1#  Wg  and  Wt  are  the  unknown  reflection  coefficients  (for 
brevity,  we  shall  omit  the  factor  e“iwt). 

Substituting  (2.5)  in  (2.U)  and  solving  the  system  of  linear 
equations  obtained,  we  find 

Fx  ~  Ia2F2  j (sin  2  0  1  /  I^gsih  2 0 2)  .tyS  2@  t  S 

1  "  "  F1  "  l12F2  ^  (sin  2  1  “  L12sin  2  2^  tg  2  t  * 

w,  «  -  <  >*Wl’:^y  :!•  ,  (2-6) 

—  —1  ■■■—  (  )?.  [sin  20  j  /  L^gsin  20  g  “  ^1  (sin  20^  — 

cos2$  t  kt  • ;  ■  ..  .  • 

-  I^gSin  20  2)  3  . 


11  - 


(2.7) 


•• «... 


Here  we  insert  the  Symbols  \  i.' 

F1  =  K1  -  2K3in  201>.  ;  f2  =  *2  -  2/>sin  20  2»  Q  ^  ^ 

%  *X  /  2/ji  .  K2=x/2yu/QM2,  ^  ~  Q  /  RM2 

At  low  frequencies,  the  reflection,  coefficient  W2  will,  ac- , 
cording  to  (1.36)  and  (1.31),  be  proportional  toco.  Therefore,  in 
the  first  approximation  we  can  consider  that  only  type  I  longitudinal 
.and  transverse  waves  will  be  reflected  from  the  boundary. 

In  the  case  of  normal  incidence  of  the  wave  on  the  boundary 
(01  =  0  2  =  0  t  = 


s  -  1,  w2  =  0,  Wt  =  0 

i,e.,  only  longitudinal  wave  I  will  be  reflected. 


(2.8) 


Considering  the  porosity  to  be  tending  toward  zero  and  at  the 
same  time  that  conditions  (l. 3?)  prevail,  and  also  the  equalities 

r^l  ct  sin  9t 


^  /  2/>  =  PsCl2>  P  =  PsGt2  J  7-f  ~  ~  =i- 


kt  cx  sin  Qi 

.......  '  ■  \  i 

where  Cx  and  ct  are  the  velocities- of  the  longitudinal  and  transverse 
waves,  we  obtain. the  well-known'-  reflection  coefficients  for  a  con¬ 
tinuous  isotropic  elastic  medium'  [6  ]:  "  .. 

ctcos0xtg220 1  -  cxcos^t  m  A 

Wt  *  - r-— - — -T-  ,  W2  =  0 


¥t  = 


ctcos  Q  qtg22 0 1  /  Cxcos 0t 

ctsin20x  v  l  •  2ctcos0  t 

cxcos2  0t  c^cos  Qxtg220  t  /  C-JCOS Qt 


(2.9) 


Let  a  type  II  longitudinal  wave  be  incident  on  the  boundary. 
Similar  to  the  preceding,  we  find 


v  _  *l-hg2SPleil0Zp i  /  Ia2sinae  2)'tg2et  (2aQ) 


F1  “  L12F2  t  M  (sin2  0i  -  L22Sin20  2)  *fe2Qt 


Wt  * 


have 


1  \&2  2 

(-^_)  [sin2  Q  x  /  Li2Sin2  Q  2  /  W2  (sin2§  x  -  L12sin2  0  2)] 


Li2Cos2  Q  t  *t 

'  f  ‘  *  *  ’ 

For  the  case  of  a  transverse  wave  incident  on  the  boundary  we 


(2.11) 


W1  «  -  (-4  >2  — 7— ^  a.-.Ut),  %  =  L12  &2<>.to2Qt  (1  , 

kl  Fi  -  Li2F2  V  F1  “  L12F2U  t; 


wt  = 


F^  -  I*i2F2  “  (sin2  0  ^  -  I<22sin2  0  2)^820  ^ 
F  -L  F  /^>(sin20-^  -  Ii-L2^-n2 02^62 Qt 


obtain 


Wx  =  - 


In  the  limiting  case  of  disappearing  porosity,  from  (2.11)  we 


2cico3^Q  ttg2^t  ,  W2  =  0,  ¥  s  ctcos  @  ltg22 0 1  “  ' 

ctc°s 0  xtg^2  Q 1 7  cicos  Q  t  *  '  1  ctcosQxtg^^t  / 


-  CjOOsQt 
/  clcos@  t 


(2.12) 


which  coincides  with  the  well-known  expressions  for  reflection  coef¬ 
ficients  in  continuous  elastic  media  (6). 

To  conclude  this  section,  we  shall  note  the  case  of  total  in¬ 
ternal  reflection. 

We  shall  neglect  viscosity  and^ consider  that  the  . velocities 
of  the  two  longitudinal  and  transverse  waves  satisfy  the  inequalities 


ci  >  c2  >  ct 


(2.13) 


-  13  - 


If  the  transverse  wave  is.  incident  on  the  boundary,  the  case  of 
total  internal  reflection  will  pccur  when 

sin0t>JL  (2.1U) 

c2  ■  •  ■  .  - 

The  angles  0  -j_  and  02,  determined  by  the  relationship 

sin9x  s  -fi-  .sin  9  t>  ;  sin  @  2  sin  0  t  (2.15) 

.  ct ;  •  •  ::.-;'ct.:'.  >1  .  .  • 

prove  meanwhile  to  be  complex*  while  type  I  lonigitudinar  and  .  trans¬ 
verse  waves  are  ftonuniform*  their  amplitudes  decreasing  exponentially 
with  distance  from  the  boundary#  In  the,  case  of  the  type*;  II  longi¬ 
tudinal  wave  incident  on  the  boundary  at  the  angl^  @  2>  satisfying  ^  _ 

the  condition  ,  "  '  ■ 

■»  ,  .  /  .  t 

■v-.'1  '  •  j*.  ♦ 

*  ■  .  ,  , 

...  sin©2^>  JlL_  ,  (2.16) 

■  C1  -  • 

y  * 

the  angle  ©-.  will  be  complex, :  and  longitudinal  wave  I  nonuniform* 

— *  •  "  V- 

3.’  Surface  waves,  let  us  examine.  surface  waves  as  a  degenerat¬ 
ed  case  of  ,  the  reflection  of  surface  waves.'  For  this,  as  known  from 
[6],  it  is  necessary'to  consider  the  amplitude  of  the  incident  wave 
as  tending  toward  zero,  and  the  reflection  coefficients  toward  in¬ 
finity,  so. that  the  amplitudes  of  the  reflected  waves  shall  remain 
finite.  Thus,  we  shall- obtain  a  waye  process  propagating  along  the 
boundary  without  an  incident  wave,  i.e.,  we  shall  hav©; the  case  of 
a  surface  wave.  According  to  (2.6),.  the  reflection- coefficients  be-.;  . 
come  infinite'  under  the  condition 

.  "•  •  ’  .  * 

(Fx  -  ^2)0032  /  fMsin2§x  -  L12sin2©2)sin2  0  t  =  0  (3.1) 

•  .  '  '  ,  >"  ’  ..*■ 

Let  us  at  first -disregard  viscosity  and  therefore  consider  all 
coefficients  to 'be  real.  We  insert  the  symbols 


-  1U 


\W1  / 


\  c2  JL 


Employing  the  relationship  sin®3  =  -  s,in,  ®t  ^ 


we 


reduce  equation  (3.1)  to  the  form 


ci 


C2 


ct 


(1  -  2S)  [%  -  2M-|-  -  L12  (K2  -  2  />  L  )  ]/ 

/  UyjL  S  (  —  V<u  -  s  - Vq2  —  )yr^s~  =  o  (3.3) 


Let  us  asstme  conditions  (2«13)«  For  a  surface  wave  to  exist, 
it  is  necessary  that  equation  (3*3)  have  the  root  S>1.  Hence,  the 
sines  of  angles  0-j.j  0  2  311(1  0  t  wil1  be  greater  than  unity,  and 

the  cosines  purely  imaginary:,  and,  consequently,  the  surface  wave 
will  decay  exponentially,  with  distance  from  the  boundary •  Along  the 
boundary,  it  will  propagate  without  attenuation  at  a  phase  velocity  . 


At  S  -4  co  the  left-hand  member  of  equation  (3.3)  reduces  to 
the  foirn  •••:.  ",  .  / ..  ...  V  '  ■ ;  ■ 

-  2SC%  r  />•  -  42%  ”  ^)3  (3.?) 

and  at  S  -  1  it  is  equal  to 

‘  ;  ”  2  jJ  2  M 

-  [  Kx  -  —  -.  L12  (K2  -  - - )  J  (3.6) 

,  <;  '  %  ,  ,  ■  ■  !  12 

Thus,  equation  (3.3)  has  at  least  one  root  s  >  1,  if  expressions, 
(3.5)  and  (3.6)  are  of  opposite  sign.  If  we  take  into  account  vis¬ 
cosity,  the  corresponding  root  of  equation  (3.6)  will  be  complex,  and, 
consequently,  the  phase  velocity  (3 «h)  also  will  be  complex.  This 
indicates  that  attenuation  of  the  surface  wave  takes  place  in  a  di¬ 
rection  parallel  to  the  boundary*  owing  to  the  dissipation  of  its 
energy  due  to  viscosity. 


In  the  limiting  case  of  a  disappearing  viscosity,  (3»3)  develops 
into  the  well-known  equation  describing  the  propagation  of  a  surface 
wave  at  the  boundary  between  a  continuous  elastic  medium  and  a  vacuum 


[6). 


(l  “  2S)2  /  US  -yq^  _  g  y  ^  _  g  r  0  (3*7) 

In  conclusion,  I  should  like  to  express  my  deep  gratitude  to 
Professor  V.  L.  German  of  Kharkov  State  University  for  suggesting 
that  the  present  work  be  undertaken  and  for  his  kind  attention. 
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